The paper deals with free vibrations of a horizontal thin elastic circular plate submerged in an infinite layer of fluid of constant depth. The motion of the plate is accompanied by the fluid motion, and thus, the pressure load on this plate results from displacements of the plate in time. The plate and fluid motions depend on boundary conditions, and, in particular, the pressure load depends on the gap between the plate and the fluid bottom. In theoretical description of this phenomenon, we deal with a coupled problem of hydrodynamics in which the plate and fluid motions are coupled through boundary conditions at the plate surfaces. This coupling leads to the so-called co-vibrating (added) mass of fluid, which significantly changes the fundamental frequencies (eigenfrequencies) of the plate. In formulation of the problem, a linear theory of small deflections of the plate is employed. At the same time, one assumes the potential fluid motion with the potential function satisfying Laplace's equation within the fluid domain and appropriate boundary conditions at fluid boundaries. In order to solve the problem, the infinite fluid domain is divided into sub-domains of simple geometry, and the solution of problem equations is constructed separately for each of these domains. Numerical experiments have been conducted to illustrate the formulation developed in this paper.
Introduction
In offshore engineering, we frequently deal with the problem of water wave-induced loads on structures. These loads depend on fluid flows in the vicinity of the structure, as well as on the its size, shape, rigidity and foundation. An example of such a structure is a horizontal circular plate foundation of a windmill installed in the sea coastal zone. Usually, hydrodynamic forces depend not only on water waves themselves, but also on the foundation of the plate and its orientation relative to the directions of wave propagation. In the present case of horizontal plate, placed at a small distance from the sea bottom, these forces depend also on the distance between the plate and the fluid bottom. In general, a motion of the plate is accompanied by motion of the fluid and therefore, in analyzing vibrations of the plate submerged in fluid one can speak on certain amount of fluid vibrating together with this plate. As compared to vibrations of the plate in air, this added (co-vibrating) mass of fluid changes fundamental frequencies of the plate significantly.
With respect to the above, we focus our investigations on the coupled hydrodynamic problem of a horizontal circular plate, vibrating in a layer of fluid of constant depth. In order to simplify our discussion, we confine our attention to small deflections of a simply supported plate and a potential motion of the incompressible non-viscous fluid. In theoretical investigations, we resort to approximate modeling that can describe the main features of this phenomenon. As regards vibrations of plates in contact with fluid, Solecki (1966) discussed the problem of an infinite plate floating on a water half-space. A similar problem of deformation of floating ice plates was investigated by Kerr and Palmer (1972) . As far as a finite fluid body is concerned, Sawicki (1975) discussed the problem of dynamics of floating roofs of cylindrical tanks. The problem discussed in the present paper corresponds in a sense to that of Sawicki's problem, but it deals with an infinite fluid domain and fully submerged plate. Our main goal is to calculate a set of lowest eigenfrequencies of the plate, dependent on the width of the gap between the plate and the sea bottom.
Problem Formulation
Let us consider the three-dimensional problem of a thin elastic circular plate submerged in fluid, as shown schematically in Fig. 1 . The plate is assumed to be of small thickness and its deflections are so small that in the description of the plate motion a linear theory may be applied. The motion of the plate is accompanied by the fluid motion, and thus we have the coupled problem of hydrodynamics. This coupling takes place through boundary conditions at the upper and bottom surfaces of the plate. In the present problem of plate vibrations, transverse deflections of the plate (displacements of its central plane) are governed by the following equation (e.g. Nowacki 1972):
where w is the plate deflection, q is the external load continuously distributed over the plate surface, D * = Eδ 3 /12(1 − ν 2 ) is the flexural rigidity of the plate (δ is the plate thickness and ν is Poisson's ratio), and ∇ 2 ∇ 2 is the bi-harmonic operator. In the case of vibrations of the plate submerged in fluid, the external load q in this equation equals the fluid pressure. In order to calculate this pressure, it is necessary to solve the coupled problem of the plate-fluid motion. To this aim, it is assumed that the fluid is non-viscous and incompressible, and its motion is potential, with the potential function Φ(x, y, z, t) = Φ(r, ϕ, z, t) satisfying the harmonic (Laplace's) equation
Added Mass of Fluid and Fundamental Frequencies of a Horizontal . . . With respect to small vibrations of the plate, placed at a sufficiently large distance from the free fluid surface, it is reasonable to assume that the free surface is flat over the entire range of time considered (fluid pressure is constant at z = H), and thus
With this assumption applied, the plate-fluid system is a conservative system, i.e. its total energy remains constant during free vibrations. It means that, as in the case of free vibrations of the plate in air, it is possible to calculate a set of fundamental frequencies (eigenfrequencies) of the plate immersed in fluid. In addition to condition (3), the remaining boundary conditions for the potential function read: 
For a harmonic motion of the plate-fluid system in time, these boundary conditions should satisfy the Sommerfeld condition that no wave comes from infinity (r → ∞) (no generation sources of the fluid motion exist at infinity). The index n in equations (4) denotes the outward unit vector normal to the fluid boundary at the plate surface. At end points of the plate (at r = a), the fluid velocity field has removable singularity. The fluid pressure is described by the formula
Substitution of this relation into equation (1) gives
where ρ is the fluid density, g is the gravitational acceleration, and m
In order to construct a solution to the aforementioned problem, it is reasonable to consider, in the first step, a simpler case of free vibrations of the plate in air.
Free Vibrations of the Plate in Air
In accordance with the above, let us consider now the plate vibrating in air. The plate is simply supported at its perimeter. For free vibrations, q = 0 in equation (1), and the problem equation is reduced to the following one:
where
For a harmonic motion in time, the following substitution is made
where ω is the vibration frequency, and i is an imaginary unit. From substitution of this description into equation (7), one obtains
With respect to the polar system of coordinates shown in Fig. 1 , the harmonic operator in equation (10) reads
Knowing that λ 2 > 0, a solution of equation (10) is reduced to solutions of the following two equations:
and
In order to find solutions of these equations, we resort to the Fourier method of separations of variables, i.e.
Substitution of this equation into equation (13) and simple manipulations give
It should be stressed that for the circular plate considered, the solution must be periodic in ϕ, and therefore m is an integer greater than zero. The case m = 0 is also admissible. Separation of variables in equation (14) leads to the same equation for Θ(ϕ) (first equation in 16), but now, instead of the second equation of (16), we have the following one:
The second equation of (16) and equation (17) are Bessel equations for R(r) (McLachlan 1964) . The general solution of the second equation of (16) reads
where A and B are constants, and J m and Y m are Bessel functions of the first and second kind of order m, respectively. At the same time, the solution of equation (17) assumes the form
where C and D are constants, and I m and K m are modified Bessel functions of the first and second kind of order m. The solution of the first equation of (16) is represented by trigonometric functions
where E and F are constants.
Without loss of generality, we may confine our attention to a single term in the above solution, say cos(mϕ), which is an even function in ϕ. And thus, the general solution of equation (10) may be written in the following form:
where A m , ..., D m are constants of this solution. Bessel functions of the second kind in this equation are going to infinity when radius goes to zero, and therefore, these functions should be cancelled out. Finally, the general solution of the problem considered is reduced to the following one:
This solution should satisfy boundary conditions at the support of the plate at r = a (see Fig. 1 ). For the simply supported plate, its deflection W at this support and the associated bending moment M rr should be equal to zeros. Accordingly, the following conditions hold (Nowacki 1972):
where ν is Poisson's ratio. From the first condition in these relations and equation (22), it follows that
Substituting equations (22) and (24) into the second condition of (23) and making simple manipulation, we arrive at the homogeneous equation
where z = λr. In order to obtain nontrivial solutions of the problem considered, it is necessary to find roots of this equation, i.e. a set of values of z = z k (k = 1, 2, ...) for which the multiplier of A m in this equation equals zero. Knowing that ( McLachlan 1964) 
and 
In order to find a set of roots (zeros) of this equation, we resort to discrete numerical calculations. Numerical calculations are made for an assumed range of the independent variable z in this equation ( Table 1 . It is important to note that the roots of (27) depend only on Poisson's ratio, which is assumed to be constant for all cases considered. In this way, the eigenfrequencies ω For known values of λ (22) and the first condition in (23) lead to the following set of eigenfunctions of the plate vibrating in air:
It is important to note here that m and i are independent numbers. It is a simple matter to prove that for different values of λ m i and λ n j (with i j), the functions F m i (r, ϕ) are orthogonal within the plate domain, i.e. for arbitrary numbers i j, the following relation holds:
This important property will be exploited in the further part of this research, when vibrations of the plate submerged in fluid are considered. The solution obtained is illustrated in Fig. 3 , where the plots show the distribution of F m i (r, ϕ = const.) within the range 0 ≤ r ≤ a.
Free Vibrations of the Plate Submerged in Fluid
With respect to equation (6), it is necessary to find the potential Φ(r, ϕ, z, t) satisfying the harmonic equation and appropriate boundary conditions. As in the previous case of vibrations in air, the steady harmonic problem is considered in which the time factor may be eliminated from equations describing the plate-fluid motion. Thus, the following substitutions are made:
(31)
Fig. 3. Eigenfunctions of the plate vibrating in air
These equations allow us to reduce the description of the phenomenon to two space functions: W (r, ϕ) and φ(r, ϕ, z). At the same time, the boundary condition at the upper and lower plate surfaces reads
In the further discussion, it is convenient to divide the fluid domain into three parts: the finite cylindrical domain below the plate, the finite domain above the plate and the infinite layer of fluid except for these finite cylindrical domains and the plate. In description of the problem within these parts, it is convenient to employ separate vertical coordinates (z variable in the potential functions). In accordance with results of the previous section, the unknown deflection W (r, ϕ) of the plate is expressed in terms of the eigenfunctions F m i (r, ϕ) obtained for the plate vibrating in air. Thus, in place of equation (22), we have
In the further discussion, however, another description of this deflection will also be employed, which corresponds directly to equation (22):
This formula is more convenient in describing boundary conditions at the plate. In order to save space and make our discussion clear, we omit the summation with respect to 'i' in our further description of the problem considered. Thus, keeping in mind this summation, and with respect to boundary conditions at the fluid sub-domains, the associated potential functions are expressed in the following forms: -lower fluid domain
where E 0 and E m n are constants; -upper fluid domain
where D m n are constants; -infinite layer of fluid
where C m j are constants. One can check that equations (36) and (37) satisfy boundary condition (32). A remark is needed. The multiplier of B m in equation (35) contains the denominator λ · sin λd · I m (λa). It may happen that λd = s · π, where s is an integer, and thus, the denominator goes to zero. This case corresponds to the trivial solution W (r, ϕ) = 0, and therefore, the associated components with A m and B m in the potential function (35) should be cancelled out. It means that only cases with λd s · π are taken into account in equation (35). Obviously, solutions (35), (36) and (37) must satisfy boundary conditions at the common boundaries of the fluid sub-domains at r = a. These conditions mean that the fluid pressure and the fluid velocity at these boundaries must be uniquely defined by the solutions mentioned. Accordingly, the constants (35), (36) and (37) are not independent. In order to find relations between them, let us consider, in the first step, the pressure condition at the common boundaries of the lower and infinite fluid domains. At r = a, the following relation holds:
In order to find the desired relations between constants of the solution, equation (38) is multiplied in succession by 1, cos k 1 z, . . . , cos k n z, . . . and then integrated in the range
The respective integrals of this procedure read
These formulae hold for arbitrary λ = λ 1 , λ 2 , . . .. For m = 0 and k n = 0, the above procedure gives
In a similar way, for n = 1, 2, . . ., m = 0, 1, . . ., the following relation is obtained:
Equations (42) and (43) 
A consecutive multiplication of terms in this equation by cos k * 1 z, cos k * 2 z, ... and integration of results in the range 0 ≤ z ≤ h , gives the following set of integrals:
With respect to these formulae and the procedure applied, equation (44) gives
Equations (43) and (48) allow us to eliminate two sets of constants from the equations of the problem considered. In order to eliminate the set of constants C m j , the remaining boundary condition is applied that the velocity component normal to the fluid boundary between the finite (cylindrical) and infinite fluid domains (infinite layer of fluid) must be the same. To write this condition, it is necessary to calculate the normal fluid velocities. Following the potential functions described by equations (35), (36) 
Equation (51) describes the fluid velocity at the boundary of the infinite fluid domain at r = a, 0 ≤ z ≤ H. In a similar way, equation (49) describes this velocity at the same boundary of the lower cylindrical finite domain at r = a, 0 ≤ z ≤ d, and finally, equation (50) expresses the fluid velocity at this boundary of the upper cylindrical fluid domain at r = a, 0 ≤ z ≤ h. In the above equations, the independent variable z is taken as a local coordinate. From these equations, it follows that, in matching solutions at r = a, one may neglect the series with respect to m in the above relations and write the boundary condition for arbitrary m = const as j=1,2,...
In this relation, prime denotes derivatives of Bessel functions with respect to their argument and z * = λa. In order to express the constants C n j in terms of the remaining constants, equation (52) is multiplied in succession by the functions cos k 1 z, cos k 2 z, . . ., cos k j z, . . . with k j = (2 j − 1)π/(2H) and then integrated in the range 0 ≤ z ≤ H. To carry out the above procedure, we need the following integrals: In accordance with these formulae and equation (52), one obtains
Substitution of this relation into equation (43) gives
At the same time, from substitution of equation (57) into equation (48), the following is obtained:
Formally, equations (58) and (59) It should be stressed, however, that these coupled equations correspond to an infinite number of these constants (n = 1, 2, ..., ∞), and therefore, in order to find the desired relations, it is necessary to resort to a finite number of terms in the infinite series entering these equations and to solve the resulting system of algebraic equations by means of a numerical procedure. It is perhaps important to add here that, in calculating quotients of the Bessel functions entering equations (58) and (59), for a relatively large arguments, it is necessary to resort to asymptotic expansions of these functions (for details see Antoniewicz 1969) . Thus, in order to make our further discussion clear, let us denote by ne, nd and n j the numbers of terms taken into account in the series corresponding to E m n , D m n and C m j , respectively. For such a finite system, it is reasonable to resort to a matrix notation, which is more convenient in description of the phenomenon. Thus, the finite set of constants C m j is described as the matrix vector (C m ) of n j components. Accordingly, equation (57) is written in the following form:
where G m is a square diagonal matrix with the elements
and BT A and BT B are also square diagonal matrices with the elements
, n = 1, 2, . . . , nd. (62) The matrices RC and RD in equation (60) are the rectangular matrices (n j × ne) and (n j × nd) with elements defined by equations (55) and (56), respectively.
Denoting by GA a square diagonal matrix with the elements
and substituting the above formulae into equation (58), we arrive at the following matrix relation:
where J A and J B are vector matrices defined by equations (39) and (40), and JC is a square matrix with elements described by equation (41). In a similar way, equation (59) leads to the matrix equation
where K A and K B are vector matrices and KC is a square matrix, with elements described by equations (45), (46) and (47), respectively. At the same time, matrix equation (64) consists of ne equations corresponding to E m n unknown parameters, and equation (65) corresponds to nd equations inherent for D m n constants. In order to simplify our further discussion, it is convenient to introduce the following substitutions:
In view of these relations, equations (64) and (65) are reduced to the following forms:
For known values of d, h, m and λ and for a finite number of constants taken into account in the description of the phenomenon, this system of algebraic equations may be solved numerically. The final result of computations may be expressed in the following form:
From substitution of these solutions into equation (60), we obtain
In order to complete the solution, it is necessary to find the constant E 0 . For m > 0, this constant equals zero. For m = 0, equation (42) gives
is a row matrix of n j elements. Knowing the constants (C m ), ( D m ), (E m ) and E 0 , it is a simple task to express the velocity potential functions in the finite and infinite domains in terms of A m and B m , which are the independent parameters (variables) of the problem description presented above. This description can be easily reduced to one parameter -in our case, A m . With the results obtained, one may solve the problem of free vibrations of the plate submerged in fluid.
Added Mass of Fluid and Fundamental Frequencies of the Plate Vibrating in Fluid
Free vibrations of an elastic plate immersed in fluid are described by equations (6) and (31). The boundary condition at the common boundary between the plate and fluid means that the plate velocities, normal to the plate surface, are equal to fluid velocities. This boundary condition leads to equation (32), which defines the boundary condition in space variables (time factor does not enter this equation). Substitution of relations (31) into equation (6) gives
where m * = (ρ plate − ρ fluid ) · δ and ρ = ρ fluid . This equation is written in the following form:
where α 4 = (ωc) 2 and c 2 = m * /D * . Compared with equation (10), it contains additional terms corresponding to values of the potential functions at the lower and upper surfaces of the plate. These terms are responsible for the mass of the fluid vibrating together with the plate. The unknown displacement W (r, ϕ) (amplitude of vibrations) is described by a linear combination of eigenfunctions of the plate vibrating in air, i.e.
where F m i (r, ϕ) are defined by equation (29). Obviously, each of these functions satisfies equation (10), and thus, the following relation holds:
Substitution of equations (78) and (79) into (77) gives
The solution procedure displayed above is based on the set of eigenfunctions F m i (r, ϕ) of the plate vibrating in air. These functions are unique within multiplication by a real number. Since the present problem is linear, the potential functions entering this equation may be obtained by a linear combination of potential functions corresponding to each of these eigenfunctions. On the other hand, the plate deflection is governed by a bi-harmonic partial differential equation, while the potential function should satisfy the harmonic equation. With respect to that and because of boundary conditions at the common plate-fluid boundary, it is impossible to employ directly the plate functions F m i (r, ϕ) in the description of the potential functions. And thus, the term with the potentials in equation (84) is written in the following form:
where 
Each constant E Obviously, these functions are orthogonal within the range of this integration. Since all constants in this equation, corresponding to chosen m, depend solely on m, the final system of equations of the problem may be decoupled into a set of matrix equations, each of which corresponds solely to m. In this way, instead of a relatively large system of equations, we can consider a set of individual subsets containing a smaller number of equations. This feature of equations (82) simplifies numerical computations. With respect to the above, for the assumed m = const, the fundamental equation of the problem is reduced to the following one:
For the case m > 0, the term with the constants E 0 i in this equation should be cancelled out. As mentioned above, in deriving algebraic equations, it is necessary to perform integrations of the products of the functions F m i (r, ϕ) with functions entering equation (83), i.e. we have to calculate the following integrals:
where f (r) denotes functions, mainly Bessel functions, of the following form:
The system of equations obtained in this way contains all the constants entering equation (83) 
By the manipulations described above, the following homogeneous system of equations is obtained: 
The eigenvalues β i of this matrix relate to α i in equation (81) through the formula
Numerical Examples
The solution of the problem presented above is illustrated by numerical examples. Two steel plates of radii a = 0.5 m and a = 1.0 m, and thickness δ = 4 mm are considered. These plates are installed in a layer of fluid of depth H = 0.6 m at a certain distance from the fluid bottom. Since the fluid pressure load on the plate depends on the width of the gap between the plate and the fluid bottom, a set of gap widths is considered. For each assumed gap, a set of the fundamental frequencies of the plate submerged in fluid is calculated. For comparison, a set of eigenfrequencies of the plate vibrating in air is also calculated. Some of the results obtained in calculations are drawn up in Table 2 . The changes in eigenfrequencies associated with changing gap widths are illustrated in Fig. 4 , where the plots show the distribution of fundamental frequencies versus the gap width. From the data collected in this table and from the plots in this figure, it may be seen that the maximum reduction in the eigenfrequency takes place for the lowest eigenfrequencies of the plate. From the practical point of view, the most important is the reduction of these lowest frequencies.
Concluding Remarks
The formulation developed in this paper makes it possible to calculate the co-vibrating mass of fluid and the set of eigenfrequencies of a circular horizontal thin elastic plate submerged in fluid of constant depth. As compared to vibrations of the plate in air, the most important result of these investigations is an assessment of the reduction in the plate eigenfrequencies due to the co-vibrating mass of fluid. At the same time, the theory developed here makes it possible to assess the influence of the gap width on this reduction. The maximum reduction in the eigenfrequency of the plate takes place for the smallest gap width. With growing gap width, the corresponding eigenfrequencies go asymptotically to a constant value.
